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Confined LO phonons in superlattices With interfacial 
broadening 

M I Vasiilevskiy 
Department of Physics, Univemily of Eswn, WNaIhoe Park Colchster, CO4 3SQ. UK 

Receivsd 21 August 1591 

AbstncL A 10 lattice dynamics model for superlattics (SL) is developca to investigate 
the eonsequence? of interfacial broadening on the conEned optical phonons. It is shown 
that simple resulls can be obtained for two cdses when the alloy of the substances that 
constmcf the SL displays either explicit huo-mode behaviour (for instance, AIGaAs) or 
an intermediate lype of optical behaviour. In the latter cas=, the modes of two optical 
subbands move Urwards each other, and &like peakc of the phonon density of states 
broaden inlo the Gaussian-like c w s .  In contrast, Cur AlAsxiaAs SI, the modes of both 
the AlAs.like and GaAx-like subbands move downwards and broaden asymmetrically. 
The shape of the lines is sensitive to the composition profile. 

1. Introduction 

The lattice dynamics of semiconductor superlattices (SL) with application to those 
with non-abrupt interfaces has recently attracted much attention [la]. The need for 
a good understanding of this imperfect influence on the SL vibrations arises partly 
because phonons are known to influence a number of electronic properties. In 
addition, detection of the phonons through Raman spectroscopy shouId be a good 
probe for alloy disorder [S, 61. 

The problem of calculating the effects of interface broadening has been considered 
either using a 1D model [S, 81 or one involving full 3D lattice dynamics [3, 4, 6, 71. 
The latter must be used for ultrathin SL (see [I), but the ID lattice dynamics model 
gives a good quantitative description of the effect for phonons propagating along the 
(100) axis of (GaAs)nl(Alks)n, SL with moderately s ~ a l l  nl and n2 [4, 81. Since 
a ID model is obviously easier &om the computational point of view, its advantages 
are clear. Unfortunately, the successful model [SI is based on the intuitive state of 
susceptibility average for disordered atomic planes, and the degree of generality of 
this approach is unclear so far. On the other hand, the 1~ model of [SI, which Stam 
‘from fust principles’, leads to results inconsistent with experimental data. 

In the present paper, we are hying to shed further light on the application of the 
h e a r  chain model to the problem of the confined LO mode shift due to the interface 
non-abruptness. We will be able to link the controversial results [S, 81, and to give 
simple formulae for the shift and for the line broadening of these modes. 

0953-8984~184509+1050450 @ 1992 IOP Publishing Lld 4509 
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2. 1D lattice dynamics For SL 

We start by writing down the Hamiltonian of the chain modelling the SL: 

where 1 = 1,2,. . . , n N is a number of a unit cell, j = 0,1 labels atom types 
(canion or cation) in the unit cell, n = nl + n2, N is the number of SL periods, 
M y )  and yG) are atomic masses and longitudinal displacements respectively, and 
F is a strength matrix. Let us confine ourselves by considering fluctuations that are 
coherent in the different periods of the SL It is reasonable to introduce variables 

= 1,. . . , n and m = 1,. . . , N so that I = E + mn. Representing V f j )  in the 
form 

and substituting (2) into (1) we obtain 

where 

The equation of motion for the Green function q $ ( Q )  which follows from (3) is 

.I .I, 

0') - w*),a",:(Q) = 6jj8t6Ee.r - W~''(Q)G+Q) (4) 
j',E' 

(WE 

where 

Introducing a locator [9] 
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we can write down the Dyson equation [9]: 

Of course, (8) can be rewritten in any representation. In the ideal SL the eigen- 
function corresponding to a confined optical phonon of wavenumber k is (see, for 
example, [IO]): 

( : L ) ~ l  s i n ( i l ~ )  E 4 n1 
0 E > n1 

for the lower optical subband (for instance, GaAs-like) and 

for the upper one (AI-As-like), where 

as = ( Fo - Mowz)/F0 cos LS 

A, = +iGTz 

(9) 

- 
k s = n r / n ,  r = l ,  ..., n, s = 1 , 2  

and MO is the atomic mass of the anions. The column vector (:) represents relative 
amplitudes of vibrations of two atoms in the unit cell. Since both matrices g and W 
are diagonal in this basis, (8) leads to an obvious expression for Green's function: 

C k  = I /  (3;; + W ( k ) )  (11) 

for confined phonon states. 

superscript j = 1 for clarity) can be written as 
In the SL with imperfect interfaces an expression for gE (hereafter we omit the 
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(b) 9 t 
F@rc L Tbe mmporition distribution (U) lor an 
ideal SL (broken awe) and for M SL with im- 
p f c c t  intdaar (full w e ) .  (b) A non-ideality 
pgnrmacr. 

Figure 2. A qualitative p ictw of the behaviour of 
& and g( defined by (13) and (12) mpecliMly 
for GaAs (U), (b) and (c), (d) layers. I* is 
the solution of (is) taken to be the same for bo& 
layers for simplicity, and e* = [z'] + 1. Broken 
curves show the appmximation (14) 

for > nl. In (13) we have introduced 

wt = Fo/M, s = 1,2. 

If MO > M I  and M2, then w: are the squared X-point frequencies of the subbands. 
The random variable C, appearing in (13) is the concentration of atoms 1 which 
varies in the range 0 < C, < 1 (see figure 1). 

As is known, properties of a disordered medium are determined by the averaged 
Green function [9, 111, so we have to average (8) with gc given by (12) and (13) over 
all realizations. In principle, each atom of our chain represents the whole (100) plane 
of the real SL However, a lateral scale of the averaging should include only atoms 
within the in-plane localization area of the phonon mode. This scale depends on the 
average thickness of the layers and on the considered vibration, but in general it is of 
order 10 A (this is an experimental estimate) 141. The exception is the fundamental 
vibration mode which remains extended up to 100 A [4]. 

3. Confined mode Shih and broadening 

Let us consider two cases: 
2= 1. In this case the aUoy of the materials which compose 

two-mode behaviour, i.e. Lo-phonon subbands are strongly 
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separated compared with the width of each of them [12]. As (Ce) drops sharply with 
distance from the interface, we can use the approximation shown in figure 2, that is 

where we have introduced a 'push-ouf length [, = [z'] + 1, and z* is a solution of 
the equation 

I (wt - 4) i+ (1 - C ( Z ) )  I = 1 (15) 

where z is measured in the units of the interplane distance and varies continuously, 
and E < n,. Due to approximation (14) ((pt))' = (p!) for any integer p, and (8) 
for the average Green function leads to the same result (ll), since all matrices are 
of semidiagonal structure 

in the representation (9) with the only change n, - (n,-2E8), s = 1,2 ( E 2  is given 
by the same equation (15) but solved for E > n, with substitute C(z) --+ I - C(z).  
Thus, we have 

where f(&) is a distribution function of E,. The main term in (17) corresponds to 
E,  which is given by (15) using an average C( z ) .  

This approximation should be good enough for GaAslAlkF SL because only 10% 
of AI in the barrier is sufficient to induce a confinement of the GaAs-like vibration 
[6]. Thus, the GaAs-like phonons are mostly conlined in a region of (n, - 2c) 
monolayers. The frequency shift is given by 

- 

Of course, the shift can also be found directly from the dispersion curve. Note that 
Aw2 < 0 for both subbands. 

Results of the calculations for Gah-like modes in the SL with n, = 20, n2 = 6 
(investigated experimentally in [I]) are shown in figure 3. We used the bulk GaAs 
dispersion curves of [13], and the composition profile was taken as 

(C(2)) = ierfc(z/L) 

with the same L for both kinds of interface.. The frequency shift Aw = Aw2/2w 
increases approximately parabolically with increasing wavenumber, and is in good 
agreement with experimental data of [l] for L = 1.5. The agreement becomes worse 
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~ 

(C) ld) 
Figure 4. The phonon density of states for lhe w3 
GaAs mode for erfc ((U), (c)) and linear ((b), (d)) 
mmposition distribution: (a), (b) L = 3.5 and (c), 
(Q L = 5.0. &like peak mmespond to the ideal 
9 The broken curves are guides to the cyc 

270 L 
1 3 5 7 9  

mode n u m k  
F&pre 3. Phonon fquency versus mode number 
for the GaAs-wle subband. The broadening pa- 
rametcr is qual to (U) L = 0, (b) L = 1.5, (c) 
L = 3.5 and (d) L = 5.0. The curves arc guides 
to the cyc 

as the scale of the broadening increases. For L = 5 the shift of the modes 7 and 9 is 
considerably larger than that observed experimentally [l] after three-hour annealing. 
There are two reasons for this. Fit, the 'push-out length' defined as before changes, 
while the frequency vanes over the subband, but it must be taken as the same for all 
modes of the same subband, otherwise the averaging procedure used above becomes 
incorrect. This means that the approximation (14) is too crude for larger L. Secondly, 
a concentration tail of the tight impurity in the region of propagation of Gab-like 
phonons becomes significant as L increases (see figure 2). Staying strictly within the 
framework of our model which implies a virtual aystal approximation (Va) in plane, 
this impurity tail must produce some shift upwards for GaAs-like modes (and vice 
versa for AL4s-like modes) which also increases with mode number. Unfortunately, 
the concentration in the tail region is still too high to be treated as a perturbation, 

On the other band, a numerical solution of the equations of motion for theHamil- 
tonian (3) with C(z) replaced by ( C ( z ) )  means an averaging of the atomic displace- 
ments (random-element hdisplacement approach, see I121 for example), which are 
not self-averaging values 1111. 

In general (for a real 3D-lattice) each site is oxupied, of course, either by the 
Ga or by the Al atom, and GaAs-lie exitations cannot propagate through the 
Al occupied sites due to large differences in mass. However, if Ga concentration is 
higher than the site problem percolation threshold (0.2 for Fcc), there should be some 
propagating states (see 191, for example). For these states, the interfacial broadening 
might even lead to the increase of the confinement length. A numerical calculation 
Using the supercell Green function approach 1141 showed that the propagating states 
exist in the Ga,~,Al,,,As alloy near the middle of the GaAs-like subband. This fact 
could be an explanation Of a relatively small shift of higher number modes as the 
broadening increases. However, it is still unclear why the shift dependence on L is 
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not monotonous for these modes 111. 
It is also relevant to note here that the deviation from parabolic dependence of 

the frequency on the mode number is considered as a variation of the 'effective well' 
shape from square to parabolic with increasing L [l]. In fact, this is not so since the 
parabolic well should produce a shift larger than the square shift for both subbands, 
in contradiction with experiment 

Nevertheless, the simple formula (18) gives correct values of the shift for the first 
few combed modes unless the interfacial broadening is too large. Now we consider 
the influence of composition fluctuations on the phonon density of states, which is a 
number of &like peaks in the ideal SL We use the term 'shape of the l i e '  bearing 
in mind, for example, non-resonant Raman scattering. Experimental hewidths have 
been explained as being due to monolayer fluctuations in the layer thickness [2]. 

The 'shape of the line' is formed by terms in (17) close to E. A probability of 
smaller shift, for example, 

- 
Aw: = Aw: - ~k 

where 

Ck = (1/n,)(dw2/dk)k),,,, 

is the probability of the composition fluctuation when 

~ ( z ' )  - 6C(z*)  Y ~ ( z '  + 1) 
where 

(see figure 1) and 

6C(Z)  = C(2) - (C(2) ) .  

That is, 

f-1"2exP{- [Np(Y(z*)-Y(z* t 1))2] /27(z ')(1-r(z*))} (20) 

and similarly for f-2, e t c  N,, in (20) is the number of atoms in a plane within the 
localization area of the phonon mode, as discussed at the end of the previous section. 
If the in-plane atomic distribution is not correlated on that scale, we have for the 
composition fluctuations: 

(SC,a) = (C& - (C<))/NP. 

Considering both the interfaces to be equivalent we obtain (20). 
The shift larger than (18) is determined by the fluctuation when 

-/(z' + 1) t 6c(z' t 1) Y -/(z') .  
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It is clear that (f+l/f-l) < 1 because of fast decrease of ~(z) with increasing x .  
In fact, such a fluctuation should be Poissonian: 

f+l - 2exp [-Y(z’ + l)N,,hy(z*)/T(z’ +I)] . 
Thus, we can conclude that in the case (i) of ‘two-mode SL’ the phonon density of 
states broadens asymmetrically near the average shift downwards due to the interfacial 
non-abruptness. Results of the calculations of the ‘shape of the he’  for the GaAs 
mode using Np = 100 are shown in figure 4 for the erfc-profile (a), (c), and for 

(C(z)) = i (1 - +/L) 
the concentration profile, (b), (4. 

The frequency shift between two neighbouring points is 0.52 cm-’ for n1 = 20 
SL Thus, we can conclude that the ‘shape of the line’ is sensitive to the exact impurity 
distribution along z. 

(C) I ( 4  - 4) &I 5 1. 
The case (U) can be regarded as that when the alloy shows an intermediate 

(between I and 11-mode) type of behaviour, GaInAs should be an example [12]. 
In this case phonons of each of the pure substances can propagate in the alloy of 
compositon z up to some value 1 > z > 4, but they are confined in the ideal SL 

Of course, inequality (E) can hardly be satisfied for the phonon modes near the 
bottom of each subband. That means that the above consideration can be applied 
to these modes. On the contrary, for a few first-confined modes, the interfacial 
broadening can be treated as a perturbation. In terms of figure 2 the situation can 
be regarded as that when x* < 0. 

It is more convenient now to use transformation (2) with 

instead of random Me. This leads to the following expression for the Hamiltonian: 

H = I? - w 2 q  (yE  + SC,) 
where 

€1 = (% - M A / W  
e € = (  €2  = (MI - W / M 2  

E 6 n, 
E > nl. 

In the VCA corrections to the squared mode frequencies are given by 

Calculating, as before, the erfc concentration profile and replacing the sum in (21) 
by an integral we obtain 
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If k,L - 0 (small mode indices), the term in brackets in (22) tends to $(k,L)2.  
So far, the modes of the different subbands move in opposite directions, and the shift 
increases parabolically with the mode number increase. 

A similar result was obtained by Kechrakos and Inkson [SI, who used the VCA. 
They applied their approach to GaAslAL4.s SL, which is not justified, as we saw above, 
and as was noticed in [SI. 

Fluctuations of the composition, with respect to the virtual crystal, lead to broad- 
ening of 6-like peaks of the phonon density of states. If the fluctuations are small 
enough to be approximated by a Gaussian distribution and to allow the locator fluc- 
tuations 6gkk, to remain in the form of (16) in the representation (9) of the ideal SL, 
we can write for the confined optical phonons: 

we obtain, using (23) and (24): 

where 

In the case of non-correlated disorder, again replacing the sum in (26) by an integral, 
we find (ICL + 0 ) :  

B, = (1/2&)[4/(1 t a : ) ] 2 ( k ~ ) 4 ( ~ / ~ p ) .  (27) 

It follows from (25) and (27) that &like peaks at the squared frequencies of the 
confined phonon modes are broadening symmetrically into the Gaussian curve with a 
characteristic width proportional to the average shift: 
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4. Conclusion 

We can conclude that the character of the interfacial imperfection on the Lo conlined 
modes is rather different in the cases considered, with respect to both the mode shift 
and the 'shape of the line'. In the practically interesting case of AlAs/GaAs SL a 
simple formula (18) is obtained which allows one to estimate the shift easily. 

We assumed that the fluctuations are coherent in different periods of the sL In 
fact this is not so. The incoherence means: (i) fluctuations of the broadening length 
L; (U) an incoherence of the composition fluctuations with respect to periodical y( z). 

The latter means that 

and does not lead to any change in the results above because the conlined modes are 
independent of the SL wavenumber Q. 

The fluctuations of L, which characterizes the average composition distribution 
in each period, may lead to an additional broadening of the modes. This depends 
on the particular technique of the SL fabrication. In fact, we did not consider any 
specific mechanism of the interfacial broadening, but if growth-process-dependent 
functions yt and (6C:) are known, it can he taken into account in an obvious way. 
On the other hand, spectroscopy of the confined M modes can be an instrument for 
characterization of the correlation effects in the impurity distribution both in plane 
and between the planes. 
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